The eddy current loss in the magnets of permanent magnet (PM) motors in a hybrid electric vehicle (HEV) and plug-in HEV is usually not taken into consideration in traditional motor design and analysis. However, due to the high conductivity of the rare-earth magnet, neodymium-iron-boron (NdFeB), and slot/tooth harmonics, there is eddy current loss generated inside the magnets. This loss may not attribute very much to the e±ciency of the motor, but the temperature-rise inside the magnets caused by this loss can lead to the unpredictable deterioration of the magnets, such as the degradation of performance and potential demagnetization. In addition, the output voltage of pulse-width-modulated (PWM) inverter contains abundant high frequency harmonics, which induce excessive loss in the magnets. The excessive heat in PM motor induced by the eddy current loss combined with other losses can degrade the performance of the machine. This paper presents the modeling and analysis of eddy current loss in surfacemounted-magnets PM synchronous motors (SPMSM) and interior-magnets PM synchronous motors (IPMSM), operated by PWM inverter supply. Analytical methods are implemented, in conjunction with time-stepped¯nite-element analysis (FEA) for the calculation of eddy current loss in the magnet. Based on the calculated losses in the machines, simpli¯ed analytical models are developed as thermal circuits with network of interconnected nodes, thermal resistances and heat sources representing the heat processes within the SPMSM and IPMSM, to predict the temperature of the magnets. The predicted machine temperatures are found to be consistent with the experimental measurement.
Introduction
Due to tighter fuel economy constraints, awareness of environment issues and the shortage of oil supply, electric vehicles (EV), hybrid electric vehicles (HEV) and plug-in hybrid electric vehicles (PHEV) have attracted a lot attention lately. Permanent magnet (PM) motors are popular choices for EV/HEV/PHEV traction drives, either PM synchronous motors (PMSM) or PM brushless DC motors (BLDC), due to their many advantages, such as the higher e±ciency, smaller size, and larger torque capability. The rare-earth magnets, neodymium-iron-boron (NdFeB), are used in these motors due to its high energy density. However, the relatively high conductivity of the magnet manifests an eddy current loss inside the magnets. 1, 2 Although this loss may not attribute very much to the e±ciency of the motor, it will result in a temperature-rise inside the magnets. In addition, the output voltage of pulse-width-modulated (PWM) inverter that is used to drive the PM motors contains abundant high frequency harmonics, which induce excessive losses in the motor. 3 Hence, excessive temperature-rise can exist in PM motors. Such temperature-rise will degrade the performance of the PM motors and may cause irreversible demagnetization of the magnets.
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Until recently, there has been a large emphasis on the electromagnetic properties of such a motor. However, the potential demagnetization due to excessive temperature-rise of the magnets can negatively impact the large deployment of EV/ HEV/PHEV. The optimal design of electrical motors with solid thermal characteristics 8À18 will provide improved e±ciency and power densities in traction motors. The thermal complexities involved in developing motors require a breakdown of the individual thermal components in the system. This paper depicts the eddy current loss density in a two-dimensional (2D) polar coordinate referring to Refs. 19À23 for surface-mounted PM synchronous motors (SPMSM) and presents a reliable analytical method for the eddy current loss calculation of interior-magnet PM synchronous motors (IPMSM). These models are also applicable to brushless PM motors. Subsequently, the output voltage of PWM supply is divided into fundamental voltage and high frequency harmonic voltages. The latter gives the incremental losses in the machine. The results from the analytical models are compared with the results from the corresponding time-stepped nite-element analysis (FEA) and measurement to validate the proposed models.
Starting from the eddy current loss combined with other losses within the machines, simpli¯ed thermal models for SPMSM and IPMSM are developed respectively in this paper. These are represented through thermal circuits that incorporate conduction and convection behavior and the thermal resistances and sources of the motors. Radiation is neglected due to the minor e®ect it has on such systems. The thermal circuits are then solved through a system of linear equations. The described temperature pro¯les within the machines are compared with experimental measurement on the Toyota Prius HEV traction motor.
Eddy Current Loss in the Magnets of SPMSM
The stator winding is modeled as an equivalent current sheet. 23 In order to obtain an expression for the current sheet of the winding, the current sheet of one coil in two slots is considered. Figure 1 shows the current sheet that is distributed along the slot openings b 0 uniformly.
The winding pitch of the motor is 5 times the length of the slot pitch in this paper. Therefore the expression of the current sheet distribution is obtained as follows:
where y is the slot pitch, b o is the slot opening, R s is the stator radius and i is the stator current. The Fourier series expansion of (1) is derived as
where
and v is the order of space harmonics. The equivalent current sheet of the 3-phase windings can be obtained after the derivation, where N is the number of turns in series per phase, I u is the amplitude of the harmonic current, ! r is the rotor angular velocity, p r is the number of pole-pairs, u is the phase current harmonic angle, and K dv is winding distribution factor.
The magnetic vector potential A can be obtained by the solution of Laplace's equation, 5, 19 Aðr; r ; tÞ ¼ Ç 0
and p s is the pole-pairs number of the winding MMF, and r is the initial angle of rotor. The induced eddy current in the permanent magnets can be de¯ned as
where is the electrical conductivity of the magnets, cðtÞ is an integration constant which makes the net total current°owing in each magnet segment equal to zero at any instant, i.e.,
Therefore, the analytical expression for eddy current density can be derived from (5) and (6),
Finally, the eddy current loss in one magnet per unit axial length can be obtained,
To validate the analytical method, the eddy current loss of a SPMSM is also obtained from time-stepped¯nite element analysis (FEA) and compared with the results from the analytical model as shown in Table 1 . The°ux density in the magnets of the SPMSM is shown in Fig. 2 . It can be seen that the results from the analytical model assembles the FEA results very well. Therefore, the analytical model is validated.
Eddy Current Loss in the Magnets of IPMSM
The Toyota Prius HEV traction motor shown in Fig. 3 uses interior magnets. It is essentially an IPMSM which has become more and more popular in vehicular traction motor drives. For IPMSM, the eddy current loss calculation is rather complicated due to the fact that the magnets are buried inside the rotor body unlike SPMSM in which the magnets are mounted on the surface of the rotor. Hence the following equation is used to calculated the eddy current loss in the magnet of an IPMSM, where a, b and l are one half of the thickness, width and length of the conductor shown in Fig. 3 . is the skin depth and much smaller than b and l. is the relative magnetic permeability and B is the uniform°ux density. The°ux density in the center of the magnet of an IPMSM is obtained from timestepped FEA and shown in Fig. 4 . The waveform obtained from FEA is used to calculate the eddy current loss in the magnet of an IPMSM.
Loss Due to PWM Supply
PWM inverters are often used to operate electrical machines to achieve variable speed drives. A limitation though with such technologies is the abundant high frequency harmonics in the output voltage of a PWM inverter, which induce additional losses. The eddy current loss due to the PWM supply can be many times the loss under pure sine wave supply. 3 Therefore, an excessive temperature-rise of electrical machines can be observed due to PWM supplies. It is critical to predict the losses caused by PWM supply in various parts of the machine due to PWM harmonics. 
where ! is fundamental angular frequency, n is the order of harmonics, V n is the amplitude of the nth harmonic, a n and b n are the Fourier coe±cients and ' n is the phase angle of the nth harmonic. In order to delineate the analytical expression of the harmonic voltages, the output voltage of the PWM is separated from harmonic voltages and used to further calculate the eddy current losses caused by the PWM voltage harmonics. The calculated eddy current losses in the magnets of IPMSM are shown in Fig. 5 . 
Lumped-Parameter Thermal Model of SPMSM
The thermal lumped-parameter thermal model for SPMSM and IPMSM were developed as shown in Fig. 6 . The thermal capacitances have been neglected since only the steady state operation of the machine is considered.
Variables T in , T stator , T magnet , T rotor , T w , and T shaft describe the temperatures of inner surface of insulation between stator and casing, inner surface of the stator core, outer surface of magnet, outer surface of rotor, the part of winding within the stator core and the part of shaft under rotor core respectively. T coolant and T case are assigned as boundary conditions. Furthermore, the use of the individual thermal resistance as illustrated in Table 2 facilitates the development of the distinct analytical expressions and detailed value which is included in Ref. 37 . The thermal resistances of the poles and the rotor core are combined together in IPMSM, as shown in Table 2 . Table 3 gives the basic parameters of the SPMSM and IPMSM. In order to compare the increment of losses under PWM supply, the fundamental frequency and amplitude of the PWM supply are kept the same as the pure sinusoidal waveform. The frequency modulation ratio is R, R ¼ f c =f 1 , f c is the frequency of the triangle waveform and f 1 is the frequency of the fundamental sinusoidal modulation waveform.
Validation of the Loss Model
The amplitude modulation ratio is M, M ¼ V 1 =V c , V 1 is the amplitude of the sinusoidal waveform and V c is the amplitude of triangle waveform. R and M are set as 15 and 0.9, respectively.
The losses and e±ciency of the IPMSM was calculated using the time stepped FEA as shown in Table 4 , and compared with the results from Oak ridge national laboratory (ORNL) report. 28 In the ORNL experiment, the input to the motor was also a pure sinusoidal waveform supplied from an autotransformer which is connected directly to a 60 Hz three-phase line input. Except for the eddy current loss in magnets, all the losses are obtained from their experiments. The eddy current loss in magnets was assumed as a constant value in their research. It can be seen that, save for the loss in the magnets, the analytical results are consistent with the measurements. Since the ORNL report did not measure the loss in the magnets, it cannot therefore be used to validate the calculations in this paper.
The losses under sinusoidal waveform and under PWM supply are further calculated for both the IPMSM and the SPMSM using the analytical models developed and the time stepped FEA, as shown in Tables 5 and 6. Both Tables 5 and 6 show that the losses in the motors by PWM waveform are twofold in magnitude in relation to the losses under sinusoidal supply, with the exception being the copper loss, and friction and windage losses. These results are consistent with the previous work. 3 The loss in the magnets in both SPMSM and IMPSM are doubled in the case of PWM supply, compared to pure sine wave supply, as con¯rmed by both analytical method and time stepped FEA. This indicates a necessity for developing design constraints of PM traction motors so that the magnets are not exposed to excessive temperature-rise, nor the motor performance degrade due to irreversible loss of magnetic property.
The Temperature-Rise within the Machines
Assigning the losses and casing temperature (90 C) to the thermal circuits, the temperature of individual components in the machines can be obtained.
Consider the equivalent circuit model in Fig. 6 , At node T in
At node T w
At node T magnet
At node T rotor
At node T shaft
The system equations (11)À(16) can be used to calculate the node temperatures for the SPMSM. The analogous system equations can also be developed for the IPMSM. From Ref. 37 , k cu;ir is the equivalent conductivity coe±cient of the air and the insulation material in stator slot and could not be computed directly. A program for solving the system equations matrix is developed, and the value of k cu;ir is changed until the computed temperatures is comparable with the report from ORNL. Table 7 shows the comparison of the temperature-rise of the IPMSM calculated using the developed analytical model, and the results from the experiment conducted by ORNL. The results are consistent which validates the analytical model.
The temperature distribution within the SPMSM and IPMSM are further calculated for sinusoidal and PWM supplies, as shown in Tables 8 and 9 . The temperature is dramatically higher under PWM with the same boundary condition used in the thermal circuits. This is due to the excessive losses caused by PWM supply in the machines. The hottest portion of magnets ascends to around 200 C, which may induce irreversible demagnetization. These results provide the crucial information for the motor design. Minimization of the losses within the motor 29À36 and improvement of the coolant system can be used to restrain the temperature-rise.
Conclusion
With sinusoidal and PWM supplies, analytical models of eddy current losses in magnets are presented for SPMSM and IPMSM respectively. Based on the eddy current losses combined with other losses within the machines, the thermal models are developed to predict the temperature-rise in individual components of the SPMSM and IPMSM, respectively. The eddy current loss predicted by the two analytical models is validated by the results from time-stepped FEA. Furthermore, the analytical eddy current loss model and the thermal model of the IPMSM are validated by the results from the ORNL report, providing a reliable method to predict the temperature-rise.
